Kegpdhaio 1

Moadnuotixd TroBadepo

1.1 Ewoaywyn

H pehétn twv onudtov xot twy cuoTnUdtwy tou Yo tapouclac ol ot ouvéyeta Baotleto xatd xOpto Adyo ot
Baowée yvhoelg Anelpootixol Aoyiouol xou Miyadixadv Aptduoy. Ev yével, n Yewpla onpdtoy xou cuotnudtwy
€yeL TOAD 1oyupd pordnuated Yepéhior To omola extelvovTon 68 TOAAOUC XAADOUS TWV UOMUATIXWY. 2STO XEGIAOLO
autd Yo avapepBolue pévo oo anopoltnTa, Tor omola xou amoTEAOVY TO avaryxalo uTéBadpo Yiot TOV oVOY VOO TN
O Aoyog g olvIoung AUTHS AVIOHOTNONG EYXELTAL GTO OTL A’ €VOC TO TEQIOOOTERD TEPLEYOUEVO QUTOU TOU
xeohofou Bev (mpémel var) elvol xavolplo GTOV avory v T Tou €xEL ohoxAneoel TV Tettofddua exnaldevon 1
Tou €yel oTolyelddec udPBadpo oTov Anelpootind Aoyloud, ag’ etépou elvar YENoWWO Vo “PpeoxEIc TOUV UEPIXES
Baowég yadnuotixéc €vvoleg ol onoleg ‘Bamepvoly’”” oAdxAneo to BiBAlo we To TéNog Tou.

1.2 Muyadicol Aprdpot

Ou Eextviooupe e Lol uixpr] avaoxdmnon oToug piyadixole aptdpols. Ou uryadixol aprduol eivon éva
omoudaio podnpatind epyodelo Ye epapuoyéc o Tolhéc emoThApeg unyoavixol. Iap” 6ho mou ol wyadixol aprduot
dev undpyouv mouldevd ot POoN xou anoTeAolY xadapd VewenTixd xataoxebaoua, €youvy amodetydel TohlTiwol
O TNV ATAOTONCT] TEAYUATIXGDY TEOBANUSTWY.

O Noyog miow and autod elvon 6Tt eV Eva TEayHATIXG TEOBANUA TEENEL VoL EEXLVEL X0l VoL TENELOVEL UE TIROLYUOITL-
x0U¢ aptduole, 1 mopela mpog TNy enthuor dev elvar amapaitnTo Vo TPV Yoo and To “Baciielo”’ TV TEYUOTIXGY
aprdudy. Puowd xdie mporypatind TedBAnua unopel va Audel AnOXAELGTIXG YENOWOTOUOVTAS TEOYUATIX0US aptd-
nole xau oyéoelc. ‘Ouwe, 1 yeNor wryoadixedy aptdumy xou oy€oewy UTopel Vo ATAOTOACEL GNUAVTLXA TN dladixaocia.
"Apa, 0 LoVadXOE TEUXTIXOS AOYOG PEAETNG TV Uyadnddy aprdumy elvon évag: yatl uag dievikoddvour!

Ac Béoouye o e€rc mEdPANua we xivnteo: €0Tw 6T A im
oag {nrettan vo Beeite ) Mo e e&iowong
. 13
2 o J
z2+1=0 (11) \__2
ABiudota Yo anavtotoe xavelc 6t 1 e€lowon auty dev 01
€xel mpaypotixr) Aoon. Ipdyyott, auty elvon 1 owo T — ———t——>
andvinor. Av dpwe “yolopdooupe’ Ayo T pordnuo- 5 4 3 2 41 |01 2 3 4 5 Re
TXY HOC UG TNROTNTA, UTOPOVUE Vo avopwTndolue Tu e
T Yo énpene vo éyel 10 22 Bhote To T va anotehel 2+
pila e e€iowone. Ipogavide Yo mpémnet 3l —J
2’ =—-l<=a==V-1 (1.2) 41

‘Eotw 611 opifoupe autrv v meplepyn Abon tng mo-

pomdve e€lowong we j = +/—1. Av howmby anodeoyev- Syfua 1.1 Miyadiké enimedo.

Yolpe amd 10 YWOEO TWY TEAYUATIXDV AELIUMY, UTopOoV-

ue vor 0plooupEe éva VEO Y 1po, auTo TV piyadikdy aptdudy, o otolog cuuBolileton we € xou otov onolo Micels Twv
e€loMoEWY 0K 1 Tapandve elvan andiuta anodextéc! Xto ytpo autd, ou apripol dev avanopio Tavton ENdve o
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évay dZova (OTWE 6T0 XOPO TWV TEAYUUTIXOV optducy) alhd ot éva erinedo. Acite 10 Exﬁpa O opldvtiog
dEovac elvor 0 dZovag Twv TEayUaTdy aptdudy 6mwe Tov Yvepllete (xou avauevoueva ovopdleTon moayuatikos
déovag), evey 0 nataxdpLPos dZovoc ovoudleTton pavtaotikés déovag, xau anoteheiton and npoyUaTiXd TONNATAECLYL
e povtaoTixig povddac j. Ilpooééte dume dtL 1 QaviacTixy yovdda j dev anoteAel uépog tou dEova, oAl
euelc mpénel var xatodofodvouue 6Tt 0 dEovag auTdE aPopd To TUAUS Tou pryadixol aptdpod mou oyetileton pe ™
povToo T povéda. Xto (Bo Lyfuo aneixoviCovtar ot pryoadixol aptiuol £ mou anoteholv AICEC TNS TOEAUTAVE
eglowaon

Ac yevixebooupe T0 TapATdVEL TOREBELY A YLl £VA TONUMVUKO TNS Hop®Ng
f(z) = az® + Br +~ (1.3)
O pilec tou divovtar wg

_—B=VA

- (1.4)

x1,2

uE
A =% —davy (1.5)

Ivwellete 61t av A > 0 to moAucdvuuo €xel duo Soxpltég mpayotixéc pileg, av A = 0 10 TOAUGVUHO EYEL Lo
Ouh pilar, xou av A < 0 umopolue va ypdoupe ot

A=-A, (1.6)
ue Ay = |A|, xou téte

-8+ VA

T

_ —AEV(EDAL \;O(M—% (1.8)

_ BEVEDVAL (1.9)

20 '
_ BEVEDVIAI (1.10)

2«
_BL VIA| (1.11)
2

Ac Solpe éva mopddetypa.

IMapdderypo 1.1:

Bpeite g pllec e e&lowonc
2 —20+5=0 (1.12)

Abon:
H dwxplvouca etvan
A=(-22-20=4-20=-16<0 (1.13)

dpa 1 e€iowon dev Eyel Aom Yo TporyUaTd . ‘Opee, 6TO YOEO WV UyaddY optdumy, €Youue

_ —Bx5V/A] _ 2+5V16
2 2

T12 =142 (1.14)

s

Apa o pilec e e€lowong elvan oL yryadxol aprduol zq10 = 1 % j2.

EmneBarddote xdvovtag npdéelc dtL ol nopamdve aptduol aroteholyv pileg tng dodeloac e&iowong.

1 . ’ , , , , . ’ / , ’
AxpiBectepa, N avanopdotacy evos pyadixol aptdpod oto wyadixd eninedo ovoudleton eikdva tou pyoadixol aptduod.
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O wyaduol aprduol eivon éva ebmhacto gpyarelo. Mropolv vo mdpouv moAAéC Loppéc, €xouv aAYEBELXEC Xou
YEWUETPWES WOTNTEC Xou epunveleg, YU auTtd xou 1 yeHon Toug ot unyavixy eivar opxetd diadedouévr. Xt
ouvéyela, Yo e€etdoouye Toug pLyadinole aptduols we Eexwelotés “ovtotnted’, ywelc vo cuvdéovtan anapalitnta
ge TN AVoT TOAVOVLUIXGY eEloDoewY. Oa Bolue TIC BLAPOopeS Lop®ES ot WLOTNTEC TOUC, TIC OYECELS TOUC UE TNV
TerywvoueTelo, ONA. UE Ta YVWOTd oo nuitova xou cuvnuitovae, da yvwploovye 1 Poaoix Yewplo Ty uryadixy
CUVORTHCEWY, Xl AEXETA GARA Yoo o ToLyEla.

1.2.1 Kopteowovh poppy

‘Evag pyoadwog apudude z = x + jy avomaploTtator 6t0 uyadikd emimedo wg éva onuelo pe ouvtetayuéveg
(z,y) € R x IR. H avonopdotacn auth ovopdleton kapteoiavry. 1o uyodixd eninedo, évag uryodixde unopel vo
avamapaotodel and éva Sidvuoua pe apyf to (0,0) xou Tépac TIC CUVTETAYUEVES Tou pyadol optduol, 6w oTo
TEATO TETUPTNUOEIO TV 0€OVKV Tou Ly nuatog (1.2 AIm{z}

H tetunuévn = ovopdleton mpayuatiké puépog tou
pryadeot aplduol, eved n tetoryuévn y ovoudleton @a-
YTaoTiké Hépog Tou pyadixol apuduov. Eivow ol oi-
videg va ouPBoALoupe Tol TaRUTEVE (G

Re{z} =2 (1.15)
Im{z} =y (1.16)

'Re{z}

OnA.

z =2+ jy = Re{z} + jIm{z} (1.17)

To urxo¢ Tou BLaVICUATOC TOU AVATUELG T TO Uty adLxd
z ovopdleton pétpo tou Pryadixol oprduod xal cuyfo-
Metn w¢ |z]. And o oploydvio tpiywvo Tou Tynh-
yorTog xou pe yenon tou Hudayopelov Oewpruotoc

nopoTnEoVUE OTL
|z] = Va2 + y? (1.18)

Yyfua 1.2: Zevyos ovluydy uryadikay z, z*.

O ovluyng pryadixde aprdude
2f=x—jy (1.19)

éyeL (Blo pétpo, (Blo mparyuatixd uépog, xar avtideto QavtacTind uépog e tov z. Avo tuyaiol ouluyelc pryodixol
apdyuol z, z* avamapictavto oo Lyfua 1.2}

Av emiotpédouye 610 eloaywynd medBinua tne Aoong evog moAuwmvipou deutépou Boduol, umopel xovels va
omodel€el OTL €val TEIOYUUO UE mpayuatikols cUVTEAEGTES xou apyNnTr| Sloxpivouoa A éyel mdvta ouluyels plleq.
Axbpa yevixdtepa, éva nohudvupo N Baduod pe mpaypotixolc cuvteheotés éxel N wyadnée (ev yéver) pilec,
oL omolec anotehodvTor omd Levyn ouluy®y wyadxoy aprdudy. Do tapdderype, to toAudvupo 190 + 3259 + 10
éyel 100 pilec, xou b6oec and autée eivon pryodixée mpénet amapoitnto vor épyovton oe ouluyh Lebyr. Avtideta, to
TohumVLLO jz? + x + 1 éxer duo un-ouluyelc wyodée pilec - emPefoutdote to Lnoloyilovtde Te!

IMopaderyuo 1.2:

No Bpedolv ol tée tou k € R yia Ti¢ onoleg to moAuddvuyo
2:2+82+k*=0 (1.20)

éxel Buo pyadixég pllec pétpou 5.

Abon:
O pilec tou Tprwvipou gvan ot

; -8+ /64 — 8k? 91 V64 — 8k?
1o =T ——— = _—

= 1.21
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Eq” 6c0v éyet duo wryadixéc pilec, 1 Soxplvousd tou da elvon apvntixy. ‘Etot

—8 £+ V64 — 8k2 —8+ jv/8k2 — 64 V8k2 — 64
Z19 = = =-24+j— (1.22)
’ 4 4 4
O pilec wavonoody t oyéon |z1,2| =5 <= |212|> = 25, xou and v TeheuTala €youpe
V8k2 — 64\2
|210)2 = 25 == (=2)2 + (74 ) — 25 (1.23)
8k? — 64
At —— = 25 <= 8k? — 64 = 336 (1.24)
8k? = 400 <= k? =50 (1.25)
Apa oL Tiéc Tou k Tou xavoToloVY TNV analtnoy TNe exgovnorng eivan ol k = £+/50.
|

O pryaduxol apriuol drardétouv éva olvoro amd TOAD eVOLUPEPOUTES WOLOTNTES, UEPIXEC amd TIC OTOlEC MOPOU-
otdlovtol ooV Hivoococ@ H anédel&y) toug etvor xodopd éua npdewy.

I8t6tntec Miyaduweddv Apducv - Kapteoiovr) Mopoy

IS8Tt Moadnuatixn nepliypopn
z1 =T+ jy
Zo = u+ jvu
‘Adpoiopa az + bzg = (ax + bu) + j(ay + bv)
Awpopd, az1 — bzg = (ax — bu) + j(ay — bv)
IMoMamhacloopuoe 2122 = (xu — yv) + j(yu + xv)
P 2 z125 _ (a:u + yv) (uy — xv)
zo 2923 u2 + v2 u? + v?
Suluyla 2l =z —jy
"Adpotopo culuy v z1 + 27 = 2Re{z1}
Auapopd ouluyodv z1 — 2y = 2jIm{2}
Twépevo ouluydv 22t =|ul? = 2% +9°
IInAixo ouluyov 2L 2y +j 22y

N

(21 +22) =27+ 23
(71— 22)" = 2] — 23
(

x2+y2

I8i6tntec ouluylag t12)* = 228

* *
zZ1) — A
29 z3

ApoBodtnTa A4 _ = J Y
21 zzp 22 +yP 22 4 12
Ioétnta z1 = 22 av xou povo av Re{z1} = Re{za} xou Im{z } = Im {25}
z € Re z=2z"
z€S z=—z"

Mivaxac 1.1: Iivakag Idwtritwy twy Miyabikdy Apidudy (kaptecaryy popgn)

Mrnogeite va doxudoete va Tic anodeiete, yia e€doxnon. Ebvar onpovtind va mopatnerioete dtL ol Booixég
npdEelc Tou adpolopatog xou NG Blapopdc €xouy dancdnTixy epunveio UTS TNV OTTIXY TNG BLAVUCUATIXAG AVOToEd-
OTAONG TWY WYXV aptdUdY 21, Z2, xadds wwoduvapoly e Tediels wetall Svuopdtoy. Acite to yfuo [1.3]
610U £QUPUOCOVUE TOV XAVOVOL TOU TROAANAOYRAUUOL Yia Vo Bpolue Tto dlpoloua xaL Tn Blopoed SO ULYoBIXWY
apriumy oto uryadixd eninedo. Ilpénel va unopeite vo napatneoete 6Tl anAd Tpoc¥ETOLUE YPAUPLX TOL IOy LTI
X0l T POVTAUO TIXA PépT) TV pyodixedv Yetol touc. Ernlong, delte i mpdéeic xou Tic didtnteg mou oyetilovton e
™ ouluyia xou TpoonadioTe va Tic anodellete. O TIC XENOULOTOOOVUE UPXETE G T CUVEYELA.

Avti¥eta, o npdelc Tou Tohhamhaotacuol xou e dadpeons de divouv Wiaitepy dlalodnom, xodde to amotéle-
opo wotdlel tohdThoxo va epunveutel. M0vtouo Yo SoOUE Uiol XOADTERY OVATAEdGTOOY Xou EpUNVEil Yol QUTES TIC
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() Alm{z} (B) Alm{z}

0 'Re{z}

Syfue 1.3 (a) Ipdodeon xar (B) apaipeon pyadikdy aprdudy oto uiyadixd eninedo.

duo mpdielc.

Ac Bolue éva ToREBELY A TWY TUPAUTAVE.

ITopdderypa 1.3:

Av 21 =14 j xou 20 =1 — j2, unoloylote Toug PLyadixolg

(@) 2i2 @) 2412 (¥) 24 () ZRelzt) = 2 Imz)
A1 2 25 Re{za} + 21 Im{ 27}
Avon:
(o) "Eyouye

2220 = (14721 —-52) =1 +2j+ )1 —352) =2j(1 —4j2)=2j —4j> =2j + 4 =4+ 52 (1.26)

(B) Ouw eivou
27 1—3 25z 1—j)z 2jz9 + (1 —J)z
J J jz2 | ( J)z jze + ( J)z

_ (1.27)
21 22 2122 z1%2 Z1%2
2zt 21— ju)(z122)" | (2520 + 21 — j21)2 2
_ _ . (1.28)
2122(2122)* |2122|
_ @20 -52)+(A+5) -0 +))A—§)A+52) _ (2j -4 +1+5—35—5*)(B3+))
10 10
(1.29)
(2 +6)3+4) (2 +6)(B+j) 65 + 252 + 18 + 65 (1.30)
B 10 B 10 B 10 '
8 6
=—-+j- 1.31
5775 (1.31)
(Y) Eivou
= (3)2=((1-72?)" = (1—4j +45%)? = (=3 — 4))* = 9+ 24j + 1652 = 7 + 24; (1.32)
(d) 'Exoupe
Zi Re{z} — 23 Im{zi} _ 21*+ 223 _ 1 +.j +1 +j2 53 (1.33)
zZiRe{z}+ 21 Im{zf} 25—z 14+j52—(1+47)
Eb¢ yenowonoioaue Tt oyéon
1
) =T (1.34)

v onola Yol YENOULOTOLOUUE GUYVAL.
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1.2.2  TIoAwxy| popon

Mo evohhoxtinn - xot o YeRolun - pop@y| evog plyadixol aptduot elvar 1 teplonun moAuxn poeyr. Evoc
wyadxde apidude z pe ouvietaypévee (z,y) unopel va avanapootadel ye éva drapopetind Ledyoc Tudy, (p, @),
TIOL AVATAPLE TOVUY TNV AndoTACT P TOU (yodixol aptduol and Ty apyn twv a&ovwy - dnh. o HETEO Tou - Xa TN
yovio ¢ petall tou optldvTiou GEova XoL Tou SLVUCUOTOS TOU AVTITPOOKWTEVEL TO ULYodind aptdud.

To Syfua[L-4]omexovilet tic mopapéteoug p xon ¢. Lnuewdote 6T N ywvia ¢ oplleton xatd tnv opdf wodnuartixy
popd (avtideta Tne Qopdc Tou pohoytol).

|
_ |
= I
y {
? |
O N—————  Refz}
X

Yynuo 1.4: Iohikr) popen pryadikov apiuod z.

Ano to Eyfua, etvon epgavég 6T
p=lzl = Va2 +y? (1.35)

T0 omnolo €youue 1O ovoudoel pétpo Tou pyadol oprtuod z. Mepée yeriowes WIOTNTES Yot TO PETRPO EVOC
pryodixod aprduod elvar ou axdlouvldec.

(@) lzl =" = - 2|
()
(Y) |z122] = 21|22
(®)

|22 = =2z*z

§) [2F] = [2[*

N E

[22]

Z1
zZ2

(€)

() Teryovuh Avicdtnta I ||21] — |22|| < |21 + 22| < |z1] + |22]

() Terywvind Avisdtnta IT: ||z1] — |22]] < |21 — 22] < |21] + |22]

H yovia ¢, 1 onola avagépeton ouyvd ot Bihoypapla w¢ @dan, opileton v

tan~' (£), x>0
tan' () +7m, x<0, y>0
p=<z=< tan' () -7, 2<0, y<O0 (1.36)
5 r=0, y>0
-3 r=0, y<0
anpocdidpictn, ==y =0

H rpwtetovoa tiun tne gdone ¢ opileton mdvta 610 ddotnue (—7, 7], 6nwe Topamdve, xou Yo tpoonadolpe vo
exgppdloupe xdde T TS Pdong oTo didotnue autd. Mepée onoudaieg WLOTNTES TN Pdong elvon ol axdioudec.

(00 ¢z1z2 = ¢21 + (bzz
(B) .1 = ko,
(Y’) d)zl/zz = ¢21 - d)ZQ
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ITpotol mpoywehoouye, Ya frav evdiapépov va culnThAooLUEe Aiyo TNV (Qouvouevn) TOAUTAOXSTNTA TNS PAOTS
xan vo e€nyfooupe yioth UTdEy oLV TOCEC TEPINTAOGELS GToV LToloYloud tne. H cuvdptnon e aviiotpopne eqo-
TTopévng €xel edio opiopol to IR xau medio Tdy 10 (=5, ), 6nwe oto Lyua ), dMA. apopolv To TEMTO
%0l TO TETUPTO TETUPTNUOELO TOL ULyadLXoU ETUTEDOV. e auTd, TO TPayuatiké puépos tov uryadikol apiiuod efvar
Detikd. Ou TWég autég TiC @dong elvon auTEC oL ovopdooue Vopitepa k¢ TpwTetovoes. Kdde dhhn Tiun tng pdong
exto¢ ToU (—%, 5) ovopdleton devtepetovon Tr. Eivow gavepd howndv 6t n aviictpopn epantouévy unopel va
Hag Beoel Tée pdong uovo oto (=3, ), Snh. va pog umodel€el 6waTd Toug UYadlxols Tou avixouv Eite GTo
Tp@To elte 670 TéTapTo TeTPTNUdELo. T'lal Toug UTOROLTOUE;

T Tov unohoytoud e @domne péow Tne avtioTpogne epantouévng ypetdleton vo utohoyicoupe 1o Aoyo Im{z}/Re{z}.

(@) (8) At (@)

tan~ ' (z)

/2

Re{z} <0
Im{z} > 0
Re{z} >0
Im{z} >0
Re{z} >0
Im{z} <0
Re{z} <0
Im{z} <0

/2

—7/2

—7/2

o

H"

o

&V
ICHONGHO)

Syua 1.5: (a) Hpwtevovoa tiur) gdons kai (B) mpwtedovoa kar Seutepetiovoes TinéS gpdons.

O Noyog autog unopel Quownd vo elivon Vetindg 1 apvntinds. Aeite yio mopdderypa Toug pyodixos 21 = 1 — j xou
z9 = —1 4 j Tou Myhuatog ITépav apgiBoliag, ol puryadixol avtol Beloxovton 6to 40 xan 6T0 20 TETUPTNUOELO
TouL pryadixol emnédou, avtictoiya, ondte ol pdoclc Touc Ya eivan olyoupa dlopopeTinée (ev YéVeL).

Aalm{z}

1)

A

}Re{z}

,_.
L e

1,—1)

Yyhua 1.6: Mryadikot z1 kat 2.

Ac unohoyiooupe To anotéheoua TS AVTIoTEOPNS EQPATTOPEVNE YLat TN QAo TOuS Ywele va AdBoupe uddm uog

™ Lyéon (1.36). Oa eivon

-1
¢z = tan™! — = tan"'(~1) = —% (1.37)
-1 1 -1 T
¢22 = tan ?1 = tan (71) = 71 () (138)

‘ L9

Iapatneriote OTL 1) GLUVEETNOT AVTICTEOPNG EPUTTOUEVNC elvan “‘TUPAR GTO TEAONUO TOU TEUYUATIXO) XAl TOU
POVTAC TIXOV UEEOUE TV Uty adLxy apttudv! BOewpeel twe xou ot duo, emPBeBouwuéva Siapopetixol, wyadixol aprduot
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oynuatilouvy Ty Bla ywvia e v optldvtio dEova, dnh. 45° xdtw and autdyv. Acoinde N Ywvid Tou uyadixol
aprdugou 21 elvon o6wOTA: TEAYHATL 0 UYadixog apiude 21 oymuatilel ywvia —45 polpeg pe tov oplldvtio dEova.
Ae pog xdvel evtimwon xadode o wyodixde aprdudg autde Beloxetor oTo TéTopTo TETURTNUOELO, GToL 1) avtioTopyn
epantouévy “‘npofiénel’” owotd. Ilog Yo Sloptdoouye to MEOBANUL Ue TOV Wyadixd 2z, 0 omolog aviAxel oTo
deltepo teTapTNUdElo; Mo Quoxd yenotpomoldvTag Tic deutepedovoes TWéS Tne ouvdptnone @dons! Autéc ol
Tipéc gobvovton oto Ly hAua [L5|(B) xou 1 Siépdwon “urayopeleton’” ané Tic nepmtioels tne Lyéone (1.36).

1.2.3 Xyéocig tou Euler

Yy mpoomddeld hac Vo ATAOTIOLGOVUE TNV TOAXT] LOp@Y) AAAG XalL VoL TNV XEVOouUE Tio Blayelplour), Urtopolye
- and tov Anepootind Aoyiopd o tig Xewéc MacLaurin - va det&oupe 6t

Go)? | (7¢)° | (9)*

€j¢=1+j¢+ o1 + A + 1 4. (1.39)
2 3 4
:HM_%_%JF%JF... (1.40)
—+o0 . n
-y (J:i") (1.41)
n=0 ’
preeis
2 4 6 8
COS(¢):1_%+%_%+%+... (1.42)
= (D"
_ 2n
_ nz::o ST (1.43)
3 5 7 9
Sin(¢):¢,%+%,%+%+... (1.44)
_ io D" o (1.45)
Z (2n+1)! '
2O BP0 XUTOATYOUUE OTL
eI? = cos(¢) + jsin(¢) (1.46)

n omnola elvar 1 neplonun Xy€on tou Euler, npoc tiwiv tou yeydhou podnuatixob Leonard Euler mou tnv
avoxdiudgl And tn oyéon tou Euler unopolue va oploouye ti¢ avtiotpogeg oyxéoeig Tou Euler wc

Jjo —Jj¢
cos(¢) = % (1.47)

eI _ o=t
i - - 1.48
sin(¢) 5 (1.48)

ol omoleg elvan . auTéc peyding onuaocioc. Peovtiote va tic ouvndioete! ©
Onére, n mohixt| pop®n evoc pryadinol aprduol z, onwe autol oto Lyhua [I4] urnopel va ypagel we

2= 2+ jy = |2|(cos(@) + jsin(@)) = |2|e?® (1.49)

ue
2= [z|cos(@) , y=|2lsin(@) , 2] = Va7, ¢=rtan (£) (1.50)

Ac e€etdoouye Eavd tov Iivaxo oaAAG YpnoloTOLGVTAS aUTH TN oped TNV moAxn poegr. O Ilivoxag elvan
QAUTOC TTOU TEOXUTTEL UE EPUPUOYY| TN TOMXTSC HOPPNS.

Suyxplvovtae toug Ilivoxecg xu [L.2] mopatneolpe 6t to difpolopa xan 1 Slapopd uryodiny aprdudy o-
TAoTIOLE(TOL OTOV Y PNOUWLOTOLOOUE XUPTECLUVEC CUVTETAYHEVES, €V avtideta 0 TOAAATAACIAOUOS ot 1) Blalpeo
pyadixdv aprdudy elvon tpoTidtepo Vo yivetaw otnv mohxy wopgr toug. Acite oto Lyfua [I8] tn Sioncdnting
gpunvelo Tou Yvopévou xon Tou TNAxou duo wiyadxdv aptiudy dtav toug xortdlel xavelc oe mohxt] pop@r. Mno-

2Mua 7o xoudh popp e, n el 41 = 0 Jewpeiton ¢ N opopedtepn e&lowaon GAwV TwY enoxdy: cuvdEel Toug Yeuehmdelc aprdpoie
e, j, m, 1, 0 xou Tic mpdelc tne npdodeong, Tou tolamhactacpol, xat e Ddwone o dovaun.



Kegdhowo 1. Madnpatixo TroBadeo 37

Timota, amAd
TLEPVAEL L1
@aon...

Synuo 1.7: Mn oag mpopAnuatiler téoo 1 pdon twy uryadikdy apiudy ©.

0 a0 AQ

IStoTNnTa MoaOnuatixn neplypopn

z1 = p16j¢1, p1 >0

zo = paed?®2 py >0
‘Adpolopa az) + bzo = p1e?® + pyel®?
Avopopd azy — bzy = p1e3® — pyei®?

IToMhamhaotaopde 21729 = plej¢1pgej¢2 = plpgej(¢1+¢2)

Awipeon a_pe? PL j(¢1—¢2)

zo  paed?2  po
Yuluyia 2z = pe‘”’1

"Adpolopa ouluydy

21+ 27 =2Re{z1} = 2pcos(¢1)

Avapopd ouluydy

21— 27 =25 Im{z1} = 2jpsin(¢1)

Iwopevo ouluydv

_ i —j 2 2
212} = p1p1e?®1e”I% = p? = |z|

21 Plejfl — o2
zi“ ple*ﬂf’l
(Zl _I_ 22 — p167j¢1 + p267j¢2
(21 — 22 — ple_j¢1 — p2e_j¢2
(2:1222)* — p1p2e—j(¢1+¢2)
(z_l)* — p1—i(d1—b2)
P2

Z2

IInAixo ouluyddv

)*
)*

I8i6tntec ouluyiog

p 1 _ 1 _ 1 ,-5¢
Ayoodtnra o= o = ¢
Io6tnta 21 = 2 oV xou POvo av |p1| = |p2| xow ¢ = ¢po + 2k, k € Z

Iivoxag 1.2: Iivaxas Iswothitwy twv Miyadikdy Apifudy (tohikr) puoper)

peite va Ppeite mou Peloxeton o pryedinde 22 yio évo dodévta pyadind z = [z]el?; ©
Etvan ypriowo va Beoldue Eeymplotd TNy TohXY HOop®T| Yl XETOLOUS CUYXEXEWEVOUS Wyadxolg aptduols, dnwe
ol £1,+j, xadde n yerion toug anhonotel onpavTnd Tic oyéoelc mou Vo cuvavthooupe otn ouveyetr. O Iliva-

xa¢ [1.3] ouvodilel Tic ToAXEC pop@ES WyaBixwy aptdUY TOU CUYAVTOVTOL GUY VA GTNV TEAEN.

Ac Bolpe pepind mopodelyparta.
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I I .
(@) i | B amE o = |5
2 = |z |e’*’1 1 (10
! e 2 2 = |z |6.Wz
2, = |z2|e-7*°2 1 2 2
#1%) 22, = |z1z2|ej(“jl+¢2) — |Aie—w)
)

0 > Re{z}

@+ e,

Eyfua 1.8: (a) Hodamraoaouds kar (B) dwipeon uryadikdy apiducdy oo pyadiks eninedo.

Pdon ¢ IToAuxh popor
0 el =1
+7 etim — _q
+jk k 1, kK dptiog
:l:kﬂ', k' S Z e J = (—1) — ,
—1, k nepirtodg
27 etizr — 1
+2km, k€ Z oEi2km _ |
ig cEim/2 — +j
L, k=0,4,812,--
j : +j, k=1,5913, -
+kI kel tikm/2 — (445)k — ’ 39y, L9,
2 e (+7) Fj, k=3,7,11,15,---
-1, k=2,6,10,14,---

IMivoxag 1.3: Lokikn popen) ouxvd xpnoiponoioUuevwy piyadikdy apipdy

tRe{z}

IMopddervypa 1.4:

Exgpdote xadévay and toug mapoxdte wyadixois apiduols oe xapteatav woppl (z + jy):
(0(') %ej” (Y/) ejw/2 (s') ej57r/2 (C’) \/er9w/4
(B/) %e—jﬂ (8') e—jw/2 (?,) \/iej”/‘l (7],) \/ie—j97r/4

Abon:
Oa elvon
1 . 1 1 1
(o) 5@” =3 cos(m) + §j sin(7) = -3
N . 1
B) ¢ IT = —cos(—m) + - jsin(—m) = ~3
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x 2 2
) V3t = Vaeos (7) Vi () = V25 4 VA =140
(@) V2eIT = 2677 = /20T =14
’ \/ﬁe*j%ﬂ:\@e*jgﬂjﬂ:\@e*j%:\/écos - + /2] sin - =1—3j
" 1 1

ITopdderypa 1.5:

Exgpdote xadévoy amd Toug mopadte pryadixole aprdpole oe mohud popgt rel? —m < 6 <

(@) 5 () —3j () (1-j)? @)
) , ) N . N V2+iV2
() -2 ®) 3-3% (=) 41 =) (m) 8
Abon:
Ou elvan
(«) 5=5e°
®) -2=20"
(v) ~3j =3¢ 797
NS ([ - x o ix
(®) 5 gy |2l =4/3+3 =1, pef=tan 1(?) =tan~!(—V3) = — %, dpo e I3

(€) (1_j)2:1—2j+j2:1_2j_1:_2j:26—jg
() jA—f)=j—j2=j4+1=1+4j=+27

1+ V2603
1—j  2e 9%
V2HvV2 V20 4)  VEVEIE e . e
LHive 245 2 OF

LB

i
—lielt = ¢l

@)

()

1.2.4 H Xyéomn touv De Moivre

‘Otav unoroyilouye duvduelc wyadxdy aptdudy twv onolwv o exdétng eivon axéponog aprdude, elvar mohd
xerown n yvwot oyéon tou De Moivre:

= (@ +jy)" = (peos(@) + jpsin(@))" = (pe?®)" = p"e™® = p" (cos(ng) + jsin(ng)) (1.51)

B:énete néco mo amhy eivan 1) ebpeom wiag SOvaung evog Wy odixol apiduod 6Ty YENOUOTOLOUUE TNV TOAXT| LOR®T.
Me v (i euxohia uropolue va Peolue omoladrinote pila evog pryoadixol aprduov:

2= (x4 jy) " = (peos(9) + josin(9) " = (pe?®)V/™ = p!/" (cos(g/n) + jsin(g/n)) (1.52)

TTopdderypa 1.6:

Beelte ohec Ti¢ pllec tne e€lowaong
22 —8=0 (1.53)

Abon:
Iepwévouye 6t Yo undpyouv 3 hcels yiow autiy v elowaon. Exouvue tote
#—8=0 (1.54)
23 = 8ed?mk (1.55)
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2% = 8(cos(27k) + jsin(27k)) (1.56)
z = V/8(cos(27k) + j Sil’l(Zﬂ'k)% (1.57)
3 2rk .. 27k
z= \/g(cos (T) + jsin (T))’ k=0,1,2. (1.58)
OétovTag TWéS Tou k €youpe

21 =2 (1.59)

zo=—1+jV3 (1.60)

z3=—1-jV3 (1.61)

Mrogeite va emBefoncdoete 6T TWES TOU k SLopopetinée and auTés Tic Telc Tou dtahéEape divouv axplBie Tic (Bleg
Aooeic.

|
To tehevtaio Iopddelypa pog divel éva Yevixd tpémo Aoong eElodoewy TNS Lop®Thg
N —a=0, NeN, a=lale!® €C (1.62)
xou progeite vo det€ete (Aoxnon[1113) 6t n yevixr) Moom efvon n axhoudn
ol =la N
z: (1.63)
9 =22 p=0,1,2,--- ,N-1

1.2.5 Tewpetpixdg TOTOG

O yewuetpindg TOTOC Uryadndy aprducy dev eivon timote dhho and éva YEWPETES Gy Lo ToL oTolou Ta onueia
(ou pryaduxol aprduol dAady)) eavoTolody pLa xowv Yewpetex Wotnta. Luvhdele yewpetpwol ToToL elvon xOxAot,
xuxAol Bloxol, euleleg xan GANL YEWUETEWNE OYAUATL.

IMopdderypa 1.7:

Beeite 10 yewueTpd TOTO TV WYAdXOV Z = T + jY TOU IXAVOTOLOUV T GYECELS

(@) |2 =4 () [z =1 =2 =l () Re{z} > -2
) |z 4 16| 59

#) |2 —=2l=2 ®) [z =1 <2 |2+ 4]

Abon

(o) H oyéon auth ovolactixd neptypdpet Toug iyadixole z Tou €xouv uétpo (oo ue 4, dnh. 1 andotach Toug and
™y opyn Ty 0&dvwy toovton pe 4. Mropeite owg v gavtacteite yepixols: ol wyadixol z = 4, z = +4j
olyovpa xavonowoly Ty anoftnon. Ilowol dhhol v xavonooly; Oa éyouue

|zl =d <= |z +jyl =4 <= |z +jy =16 <= 2% + y* = 16 (1.64)
Apat 0 YEWUETPUAC TOTIOC TV Wyadxdy autdy aroterel x0xho pe xévtpo to (0,0) xou axtiva p = 4.
(B") ©a éyoupe
|z —2|=2<= |z -2+jyl =2 (-2 +¢y*> =4 (1.65)

Apat 0 YEOUETEIXOS TOTOG TLV ULyadixdy auT®Y amoTehel x0xho e xévtpo to (2,0) xou oxtivoe p = 2.

Ev yével, 0 YEWUETEIXOE TOTOG TWV ULYADIXWY TOU LXAVOTOLOLY T1) oo
|z — 20l =¢, ceR (1.66)

anotehel XOUNO PE HEVTPO TO Z = Zg O OXTIVAL C.
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()

Ou éyoupe
lz—1=lz—jl<=z-1P=z—jP <= (- 1) +y* =2+ (y — 1)? (1.67)
=214y =24y -2+l —20=-2y<=a=y (1.68)
Apat 0 YEWUETPXOC TOTOC TV ULYadLXMV aUTMVY amotehel 1 pecoxdietoc Tou euduypduUoy TUAUITOS TOL E-
vover ta onuela (1,0) xou (0,1). Me dhha Adyiar, ol pyodixol autol avixouy otny eudeila y = x.
Ev yével, 0 YEWUETEXOC TOTOC TV PLYUdIXWY TOU LXAYOTOLOVY TN oo
|z — 21| = |z — 23] (1.69)

anotehel o onuela Tng pecoxodétou Tou evduypdupou Tuhatog YeTodl Twv onuelwy (21, Y1) xou (22, y2), UE
z1 =1+ jy1, 22 = T2 + jYo.

Eqocov n oyéon
|z —1] =2 (1.70)

INAGVEL TO GUVONO TV PIYadLXOY Tou aviAxouy o xOxho pe xévtpo o (1,0) xaw axtiva p = 2, T61e 1) o)éom
|z —1] <2 (1.71)

dnAvel Toug uryadeoig Tou Beloxovtal erTds Tou mapandved XOXAou.

Mrnopolpe Vo GUUTERAVOUUE OTL OL YEWUETELXOL TOTOL TWV ULYAOLXWY TOU LXAVOTIOLOVY TIG OYETELS

(] |Z — Zo| <c
o |z — 2z >c
o ¢ <|z—2z| <2
uE ¢, c1,c2 € R anoteholv
e onuelo €76 xOUXAOU UE HEVTPO TO Zp XU oXTiVOL p = ¢
o onuelo €xTds xOXAOU UE HEVTPO TO zp Xou axTiva p = ¢
o onuela evtog daxtudiou Tou oyNUATI(ETOL Atd TOUG OPOXEVTEOUG UE XEVTPO TO 2o XUXAOUS ol oxTiveg
p1 = C1, P2 = C2.

Oo éyouue
Re{z} > -2 (1.72)

oL TEoPavas opilel Toug pyadixols apLipols Tou avixouy oto Nuieninedo dedid tng eudelac x = —2, ywple
vou TNV nepthapBavet.

Ou éyoupe
16
|ZZ14|| >2 = |2+ 16 > 22+ 4| <= |2+ 162 > 4]z +4]* <= (2 +16)* +y* > 4((x +4)* +?)
(1.73)
— 2% 4322 + 256 4y > 4(x? + 8z + 16 + ¢?) < 322 + 3y > 192 (1.74)
= 2 +y? > 64 =8 (1.75)

dpat 0 Intolpevoc yewpeTpixde téToc amotehel To e€wtepind evic x0xhov pe xévtpo 1o (0,0) xou axtiva p = 8.

Mot amexdvion Twy YEWUETEXGOY ToTwy tou Tapadetyuatos [I}7 gaivovtar oto Lyhua [L.9]
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(o) Jm (B) Jm (v) Jm yex
K \ (0.1)1,
NV
(8) Al (€) plm (07) 4 1m
| -~ T =<
P \\ y \\
/ \ / \
[ ﬁ | > > ! L >
-1\ 1 Re -2 Re \ '8 Re
\ / \ /
AN L A 7 N ~ - 4

Syfua 1.9: Iewpetpirof témor Hapaﬁez’ypatog 7.

1.3 Muyadixég XuvapTthoslg

Q¢ anotéleopa TN oLVEYOUC YENoNG Uryadxwy aptduny, 1) oo Yewmpio onudtwy o cLoTUATWY TePLAOY-
Béver oux ollyeg uryadikés cuVOPTATELS, Ol OToleC OUWS elvol GYETIXA amhéc.

Mo wyaduery ouvdptnon f(z) opileton oe éva shvoro A C C, 1o onolo Méyeton Tedio oplopo, xou avtiotorylet
xdde onuelo Tou cuvohou A oe éva uryadind oprdud. Eivaw howndy mpogovég 6ti wia wyadier) cuvdptnom opiletar oe
Téo0eplc Do TAoELS: BUO BlaoTAoELC Yiot To Ted{o oplood TN, xou Buo Slac Tdoele Yot xdde T TNg cuVEETNHoNG.
Auté duoxolelel ta mpdypata yiotl dev unopolye, eV YEVEL, Vo OYEBIACOUUE GTO YTl pLor Ylyodixr) cuvdpetnon.
Auté mou unopolyue va xdvouye elvan

o cite va oyedldooupe EEYWELOTA TO TEOYUOTIXG Yol TO QAVTACTIXG TNG HEEOC, BNA. VoL AVOANDGOUUE T1) Wty adix
CUVEETNOTN G Y LOPYY

f(z) = Re{f(2)} +jIm{f(2)} (1.76)
o cite vo oyedidooupe Eexwplotd To PETEo xaL TN QAoT TG, ONA. va T Ypdouue TN poppT
f(2) = 11 (=)l (177)

Ac Solye évo napdderypo.

IMoedderypa 1.8:

‘Eotw 10 svoro A = C — {£j} o70 onolo opileton 1 uryadinr| cuvdptnon

1

flz) =

Beeite 1o mpaypatind xou T0 QavTaoTind TN P€pog, xomdg Xl TNV AVATURdo TUoT) HETEOU Xl GAcC.

Abon:
To mpaypatind tng u€pog toolTon Ye
1 1
R —Re{ o} = Re{ ——} 1.79
(@) =Re{ g b = Re{ (179
:Re{ 2 —y? +1— j2zy }:Re{ 2?2 —y? +1— j2zy } (1.80)
(22 — 2 + 1+ j22y) (22 — y2 + 1 — j2zy) (22 —y?2 +1)%+ (22y)? '
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N R e s P
B (22 —y?2 +1)% + (22y)? J (2 —y2 +1)2 + (22y)2 ) (22 — y2 + 1)2 + da2y? '
EVE TO POVTACTIXG TNG PEPOC - Amd TNV TEAELTAULN OYECT) TORATEVW - LooUTAL UE
1 1 2xy
TELTE Y S — Y . 182
m{f(z)} = Im (x+jy)?2+1 Mz o y? + 1+ j2zy (2 —y2 +1)2 4 4a2y? (1.82)

Ou ypaputéc napactdoeic Toug amewovilovion 6to Lyfua Ac Bpolue thpa TN Ypapxy Topdo TooT) ToU UETEOU

MpaypaTiko pépog Tne f(z) PavraoTiké pépog Tng f(z)

40 < 40

0 & 0

-1
y-GEovag 0.2 x-GEovag y-agovag -0.2 x-GEovac

Syfua 1.10: Hpaypatiké xar Pavraotixé pépos tns ovvdptnong tov Ilapadetypatog 8.

xou NS pdone e ouvdpTtnone f(z). Oo eivan

1 1 1 1

z)| = = - = - = 1.83
= o " el i il s )
Yiot TO UETPO, EVE Yo TN @dom Fo elvon
-1 Im{f(2)} S 2ay
— 1 = 1 1.84
o¢(2z) = tan Relf(2)} tan PR (1.84)

Ou ypagixée napactdoels Toug anewxovioviar oto LyAua Etvon evbiagpépov va napatnerioete 6t ota onyeia
z = %j, n ouwdpmon |f(2)| anepileton. Acite nwe autd exppdleton otn yeapx e napdotacy. Eriong,
nopatneRote OTL 1) @don TS ouvdptnone madpvel Tés oo ddotnua (—m, 7], xadde o TpdToc uToAOYLoHOY TG
yivetan Ue TN YVOOTH 0o¢ GUVEETNOT AvTioTEOPNC EQATTOUEVNS.
1.3.1 'Opto

Eitvan onpovtind va oulntndoly ol €vvoleg TN ouvéxelas xal TG Tapaydyions Jy odixwy cUVIpTHCEWY.

H évvoia tou pétpou poc Bondd xatdpydc va oploouye TNV andcTaoT XAl TO 6pL0 GTO YWEO TWV UIYUBXOY

aprduny. H andotaon petall duo wryadixdy aptiudy z xou 2o omotehel To uétpo e Slopopdc toug, dnh. |z — zo.
‘Evag piyadindg aptduodg z teivel oto uiyadnd aprdud 2o ov

|z —z0] = 0 (1.85)

ue |z — zo| ™y Evdeldia andotoon petald tev duo uyodedy aptduddy.
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Mérpo Tng f(z) ®don Tng f(z)

0

-1
y-Ggovag 0.2 x-6§ovag S5 5 x-agovag

y-G§ovag
Yyfua 1.11: Mérpo ka1 Pdon tng ovvdptnong Hapa&z’yyatog&

1.3.2 Xuvéyeia

M pyadn| ouvdptnon f(z) n onola opileton oo cxvotxrdﬂ obvoro A € C elvan ovveyns oo onuelo 2o € A
av xou Lovov av Loy Vel ot

lim f(z) = f(z0) (1.86)

zZ—r20

Edv n nopamdve oyéorn woyder yio xdde 2o € A t6te N uiyodud; ouvdptnon f(z) ovopdleton ouveyrc oe xdde
onueio tou A.
1.3.3 TIlapaywyioipdotnta

Avtictowya, wo yryadnh cuvdptnon f(z) opouévn oe éva avoxtd clvoro A C C elvou mapaywyioqn oe éva
onuelo zp € A av undpyel o 6plo
lim f(z) = f(20)

zZ—20 Z— 20

(1.87)

xou to omolo oupPorileta pe f'(z0). Edv n wyodue| ouvdptnon eivon tapoyoyiown oe xdde onueio tou avoxtol
ouvohou A, téte ovopdletar avaAvtikn.

Omolodhmote TOALGOVLUO Tou 2z anoteAel avaAuTixh ocuvdptnon oto C. Emlong, onowdnnote pnth cuvdptnon
elvon avahuTi 610 avoixté olhvolo Tou amotele(ton and Gha Tat z, EXTOS omd AUTE oL 0 Topovopac TS undevileTo.
Yt ouvvéyewa tou BBAlou Fa acyorndolue oyedoy amoxheloTIXG Ue CUVOPTNOELC TOU ElVol AVIAUTIXES OF XATOLo
anhé unoctvoro tou C. ‘Olol oL cuvidelc xavove Tou Yivouévou, Tou TNAxou, o xavévae g ohuotdag, xAT.
oY VoLV XATE T YVWOTE and o Aoylopd wog petofintic. M oAb onpovtiny wyodixy) cuvdptnor ebvon 1
exfetikn, 1 onola elvow avohutxr) oto C, ue

d
= —¢ 1.88
ef=—c (1.88)
o6nwe enlong xou N
d
@Zn =nz"! (1.89)

yio xdde oxépano n.

259

3Avowtd Méyeton éva chvoro A btav dev ouunepihaufBdveton o autd T0 “olivopd” Tou. T mapdderypo, To onuelo (z,y) Tou
XavoTolo0V TN oXEoT
z? 4 y2 < r?
, , o “ ’ , , . , ; , ,
amotehoVV éva avouxté cvolo A. To “clvopo” B tou avouxtol cuvorou A elvau 1o cUvolo Twv onuelwv Tou xavorololy N oxéon
2 + 42 =12

H évoon tov duo autdv cuvdbhwy arnotelel éva kA€1oTd chvolo.
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1.3.3.1 E&woooeig Cauchy-Riemann

Emuniéov, av 1 pyodin) ouvdptnon bwiel we wa ouvdptnon tou datetaypévou Levyoue (x,y), unopel xavelc
VO TNV EXPEACEL (OC
f@,y) = u(z,y) + jo(z,y) (1.90)

xou umopel xovele vo Setlet 6tL av elvan avahutinr, tote toybouy oL tepipnues e€lodoelc Cauchy-Riemann

ou Ov ou ov
e = - 1.91
dr Oy o oy or (1.91)

ue to cuyPohrioud a](;(zz) VO OVOPERETOL OTN PEEY Ypapix Tapaydyior (amhede dlapopetinde cupPoliouds Yo
oLVaPTHoEC TOMNGY peteBAntav). T nopdderypa, n ouvdptnon f(z) = 22 pe nedlo optopol tou C uropel vo
Youpel ¢

f(2) = 2% = (z +jy)* = (2" = y*) + j20y = u(z,y) + jv(z,y) (1.92)
e
u(z,y) = 2% —y* , v(x,y) = 2zy (1.93)
¢ mohuwvuuy| cuvdptnot etvor avaAuTixy o 6ho to medio oplopol tne. IHapatnerote ot

ou ov

i Wi (1.94)
ol
ou ov
= —_9 2 =9 1.95
By Ve o Y (1.95)

IlpocéEte duwe ot T0 aviloTtpoo Oev wxvel. Anh. av ol e€ioboelg Cauchy-Riemann efvon aindeic yio yia
oLYXEXEWEVY Wyodixy) cuvdptno, Be onuaivel anopoitnta 6Tl 1) cuvdeTnon elvar avahutixr. ‘Ouwe av dev ebvou
autég akndeic, Tote olyoupa Bev elvor avaAuTixy.

1.3.3.2 TIToapdywyor Wirtinger

Y11 ouvéyela Tou oLy yedupatog, Yo xANYolUe Vo EAAYLO TOTOLCOUKE ULYadIXES cUVAPTNOELS YETOVTOG XATOLES
HEELXEC THPAYDYOUSC WS TEOC Xdmolol plyodnr] petoAnty (oeg ye to undév. Oo dolue ouwe oTL autég de Vo
elvar avaAutixég oe xdmola onueio. XNy Tpoondield Lo Vo EAAYLOTOTOMNCOUNE aUTES TIC CLVAPTACELS, T Hog
dleuxohlvouy Wiaitepa oL meplpnuec mapdywyor Wirtinger. Mo Aentouepric mapouacioor tne Yemplog stvon eviehng
EXTOC oX0TOV TOU GLYYEAUUaTog. Ol udveg e€lotaelc mou Yo wag YEELc ToUY elval ot:

0  _ 0 2 0 * %
9.7 —Oxou$|z| =58 =% (1.96)

1.3.4 H pyadwh exdetinh cuvdptnon e/2mol

Mot Toh) onuavTie) wyadxd cuvdptnon evor 1 exdetied tne wopgic f(2) = %M. Nopitepa, eiodyoye tnv
neplpnun oyéon tou Euler, n onola emavohauBdvetar ydptv euxollog Topoxdte 0T YEVXOTERT LOPYT| TNG:

Ae?? = Re{Ae??} + jIm{Ae?’} = Acos(f) + jAsin(0) (1.97)

pe A > 0 1o pérpo () mdrog) tne exdetinic pryadnic cuvdptnong xou 6 tn gdon te. Av to Splopa 0 etvon ypoxn
oLVEETNON TOL YE6VoU t, Snh. e wopehic B(t) = wot + ¢ = 2w fot + ¢, T61e 010 ABIdC TATO ETUNETO TWY YLy aBLXDdY
aprdumy, 1 oyéorn meptypdpel éva didvuouo otadepol pnxous A oTto uryadd emninedo to omolo meploTEEPETAUL
ouvey®s ot évay xOxho oxtivac A, pe yoviaxh () xuxdixf) cuyvétnta wy = 2 fy rad/s. Av oploouye évav tpito
GEoval, aUTOY TOL YEOVOU t, TOTE 0 YWEOC YiveTol TELBLAC TATOC XaL TO TEPLO TPEPOUEVO Bldvuoya opileL Uiol OTELPOELDY
TpoYL8 0o Yo autd. H neplotpoph auth yivetar puowd ye yoviaxh cuyvotnia wy = 27 fo rad/s, i evohhaxtixd
pe ouyvotnta fo Hz. Autd onuoiver 6t 0 nepiotpepduevo didvuoua exterel fi mAfpelc “onelpoetdelc x0xhou’
avd BeVTEPOAETTO.

Audgpopec 6elg - Yo xoahOTEEN XATAVONGN XL UOVO - auThE NG %(VNoNS TOU TEPLOTEEPOUEVOL DlavICUUTOS
(povadiaiou phixoue A xou undevinfic pdone ¢ €8, yia euxohiar) paivovton 6To Lyhuo pall pe to mparypaTind
XL TO QAVTAOTIXO Pépog Tou. Me yprion tne ouluyloc, ol oyéoeic Tou Euler divouv eniong Tic moapoxdte oyéoelg
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AvaTtrapdoTtaon 1 sin(2r f 1) AvaTtrapdoTtaon 2

Tpoxid ekBeTikoy 27 o ! ; in@r
PoX l ’ ExBeTiké €27 fo ! /S|n(2 f, 1)
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Syfhuo 1.12: Miyabikrj exletixry ovvdptnon e?2 /ol nali pe to mpaypatind kar pavraotixé uépos tns, and dvo
Speis otov Tpdidotato pyadiké Y wpo.

YLOL TO TROYUOTIXG %Ol TO POVTAC TG PEPOC TOU HLyadixol exdeTinon:

. A A

Re{AeJZﬂ'fot} — ACOS(27Tf0t) — 56J27rf0t + §€*J27rfot (198)
j2m fot ; A j27 fot A —j27 fot

Im{Ae } = Asin(2rw fot) = Q—je - 2—je (1.99)

Ac mdpoupe ) Eyéon (L.98), 1 omola meprypdyer évo nuitovo we ddpotopa evée ouluyoic (elyous uryodixdy
eXVETIXMY CUVAPTACEWY UE TAATY 5. Ag amewxovicoupe v xbnom TV TEPLOTEEPOUEVKY BLOVUCUATWY TOV o-
vilotolyolv oto Levyoc autd. Biémouye oto Lyrfua (yie A = 1) 6t n tpoyéc toug elvon avtidetee: 7
wyadixd exdetueh ouvdiptnon 4 el27fot nepiotpégetan pe TNV 0pd1 pednportue gopd, eve 1 avticTolym 4e 2ot
neploTEEPETOL PE TNV avtiletn podnuater gopd. Xe xdde ypovixh oTiyuy t, To QAVTAOTIXA U€QT) TOUC €YOUY TO
(B0 pétpo, |§ sin(27rf0t)|, oG avtideta Tpdonua, evE To TeayHATiXd Toug uéen elvon axplBag Blo. To ddpoiopa
TWV BLIVUOUATOY aUTOY Yiot Xd0e ¢ Lloo0ToL UE TO SITAGOLO TROYUATIXO UEEOC TNE ULYadXAC EXVETIXTG GUVEPTNOTG.
Ye nepintwon mou to TAdtoc A elvon pyadixd, dnh. elvon Tne poperg

A =|Ale?? (1.100)

té1E N Ywvio ¢ cugBolilel Ty apyx pdon tne pyadiic exdetinrc cuvdpTNoNg, Xat oL avtioTolyes oyéoels Yivotol

. Al Al .
Re{AeJEﬂ'fot} — |A| COS(ZTI‘fOt + ¢) = %e](%rfot"r‘b) + %6—3(27rf0t+¢) (1101)
, Al . Al .
Im{AeJQ‘n'fot} = |A|sin(27 fot + ¢) = |27_|61(27rf0t+¢) —_ |27.|6*J(27rf0t+¢>) (1.102)
J J

ONA. TO TEOYUATIXG XOUL TO PAVTACTIXO PERPOG TNG Uyadixig exdetiniic ouvdpTtnong éxel Ui oyt @don ¢ vyt = 0
pe tpn cos(@) xa sin(¢p) avtictoia. Yto TyAua unogelte va delte 1 oupneptpopd tou Levyoue oLluyKY
Py adixey extdeTix@y ouvopthoeny Yio A = 1 xa ¢ = T, xadidg xou tou adpolopatdc Toug. And o mopamdve efvou
EUPOVAC 1 OYECT NUTOVEV XL CUVIIUTEVRY e To cuLLYEC Lelyog wyadixdy exdetndy ouvapthoswy et (2mfot+d)

oclppwva pe tig Uyéoeic (1.101)1.102):

¢ 'Eva cuvnuitovo mAdtouc A, cuyvotntac fo, xou @done ¢ unopel va eldwiel we to mpaypotixd pépoc evéc
TEPLOTREPOPEVOU Wiyadixol exdeTinol diaviopatog Ael (27 fot+9),
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Syfua 1.13: Yuluyels pryadinés exletikés ovvaptroes kal to mnpaypatiké dOpowoud tovs. To mepiotpepiuevo
dudvvopa (e pavpo xpdua) Bpioketar oe tuyaia Béon touv déova tov xpdrov (Sakexkopéyvn uadpn ypauun).

Miyodiké exBetiké el fot + 7/4) Miyodiké ekBeTiké e 137 Tt + 7/4) ABpoigpa el ft+ 7/4) | gi@r b+ 7/4)

o
(4]
L
/%\
/l Il
el
o
o N
L L
©
Il
|
]
o
o N
L L
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\
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Eyfua 1.14: Yuluyeis pyadiés exletinés ouvaptrioes e apxikn pdon ¢ = 7/4 kai to npaypatiké ddpood tous.
To rmeprotpepduevo tidvvoua (e patpo xpdua) Bpioketar o€ tuyaia Géon tov dova tou xpdrov (Bakekkopérvn
patpn ypappn)

e ‘Eva nuitovo mAdtouc A, cuyvotnrac fo, xou @done ¢ pnopel va eldwidel wg t0 QaviacTixd pépog evog
TEPLOTEEPOPEVOU HIyadixol exdeTinon diaviopatog Ael (27fot+9),

e 'Eva cuvnuitovo mAdtouc A, cuyvotnrac fo, xou @dong ¢ pnopel va eldwiel we to dfpoioua duo culuywy
TEPLOTEEPOUEVELY Uy adixddy exIETIXGY dlavuoudtoy 4 et (2rfot+d)

e ‘Eva nuitovo nAdtouc A, cuyvétntae fo, xou pdone ¢ pnopel va edwidel we tn dtapopd duo culuy®y Tepl-
CTREQPOUEVY ULYUBXDY EXVETIXWY SLOVUCUATLY geij(z’ff"“r@.
H nopdypopoc autr elvon onuavtixny) Yl TNV Xatovonon Tev wyadixoy exIeTXdY GUVIPTHoE®Y, 1 o€ TOUG UE
N ouYVOTTA Wy 1) fo, Xt TNV a€lomolnoT ToUG O TEaYHaTiXd TEOBARUAT UEGK TwV oYEcnY TN cLLLYIAS XL TOU
Tparypotixol/ paviac 1xol pépouc Touc. Mdhota, otny enduevn topdypapo Yo dolue tdéoo yeroues elvon autég
oL oyéoec! ©

1.4 Hpltova

Aghvovtog Yo Alyo Tic utyadixéc cUVAPTAOELS Xal ETLOTEEPOVTAS O TIC XUVUPd TEAYRATIXES, Lot TTOAD GNUOVTLXY
xatnyopio cuvapThoewy elval ta Nuitovoedn. 'V autd allel tov xomo vo ta e€etdoouye SieCodind. Ag dolue tov
yeVIXd TOTO TV CUVHPTACEWY AUTKOV:

x(t) = Acos(wot + ¢) = A cos(27 fot + @) (1.103)
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6mouv A to mhdtog Tou MuTovoewols, wy = 2mfy 1 Aeyduevn kukhiky) ouyvdtnta oe rad/s, ye fo va ebvon 7
ouyvétnta o€ Hz, xou ¢ 1 @don yetatdmiong tou nutovoeldols. o anoguyy| napeEnyioewy, Yenoulonololye To
ouvnuitovo cos(.) avtl yio To nuitovo sin(.) we ™ YEVIXH Hop@r EVOC MUITOVOEWBOUS GHuaToS, aveldpTnTa av oL
ouvopThoelc autég ovopdlovtar nuitovo-ewdelc. ‘ANwote 1o Nultovo xou to cuvnultovo elvan ol (Bleg cuvapThHoElg
axpBc, ubvo mou Blopépouv xatd o peTaTdTIoN, OIS paivetan xan 6to Lyfue [LI5

N sin(27 ft) N cos(2m fyt)

A\ 4

N
VARV VAR

t
Syfua 1.15: Hufrovo (apiotepd) kar Xvvnuttovo (be&id).
Ac yeheto0OUYE €Vl GUYXEXPUIEVO NULTOVOELBES, TO
(1) = 20 cos (27r10t - %) (1.104)
H cuyvétntd tou elvan fo = 10 Hz, xou 1 mepiodss tou etvon Ty = io = 0.1 s. H neplodoc pac divel Tic ypovixée
o TYUEC OTOU 1 cLVAETNON emovaAauBdveTor. Lo TopaTdve Taeddetyuo Yo éxoupe emavdAndm e Bloc e Tou
nuitévou TG ypovxée otypée t = ..., —0.2,-0.1,0,0.1,0.2, ....
Enopévec
x(t+ Tp) = x(t) (1.105)
cos(27 fo(t + Tp) + ¢) = cos(2m fot + &) (1.106)
cos(2m fot + 27 foTo + ¢) = cos(2m fot + @) = cos(2m fot + 2km + ¢), Yk eN (1.107)
Syuo 1.16: Hurovoedny yia didgpopes ouyvitntes fo.
Iopotnpotye 6Tt Yo Teénel va .oy el
1
27Tf0T0 =2kr = Ty = k— (1.108)

Jo

Ovoudlouvye Baoixr) mepiodo ¥ anAd mepiodo tou cuatog v Tuh touv Ty v k = 1. Etol n meplodog evée
nutovoedolg Yo dideton and N oyéon:

1
T — 1.109
" fo (1.109)
xou eniong )
wo = 21 fo == Ty = -~ (1.110)

wo



